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Abstract This research investigates a blocks relocation problem with batch moves

(BRP-BM) mainly arising from the operations at slab yards in iron and steel plants.

Several recent types of bridge cranes used in hot rolling slab yards can handle up to

three slabs in one move, resulting in a typical scenario of the BRP-BM. A lower

bound of the number of moves for the BRP-BM is presented. A greedy algorithm

and three tree search algorithms, including one based on compound moves, are

designed to solve the BRP-BM. The lower bound and the algorithms are validated

and extensively evaluated based on both existing instances and randomly generated

instances. The results indicate that the tree search algorithm based on compound

moves outperforms the other algorithms especially for large-sized instances.

Roughly speaking, the relative number of moves decreases from 1 to 0.80 and to

0.75 if the batch size increases from 1 to 2 and then to 3.

Keywords Blocks relocation problem � Batch move � Tree search � Container
logistics � Stack handling

1 Introduction

This article presents a novel variant of the blocks relocation problem (BRP).

According to Caserta et al. (2012), the BRP could briefly be formulated as follows: a

number of items are stored in several first-in-last-out stacks. Each stack has a given

finite capacity. A move could either shift an item from the top of a stack to the top of

another stack, i.e., a relocation; or pick up an item from the top of a stack and
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remove it completely (to outside the stacks), i.e., a retrieval. The problem is

searching for a move scheme that minimizes the total number of relocations under

the given retrieval sequence of items. In the BRP considered in this paper, more

than one item at a time can be handled. Therefore, it is named BRP with batch

moves (BRP-BM).

The BRP mainly arises from the operations at container terminals. As a result,

this problem is also referred to as container relocation problem (cf. Forster and

Bortfeldt 2012 and Zhu et al. 2012) or container retrieval problem (Lee and Lee

2010). A number of researchers have investigated the complexity and solution

methods of this problem as well as some of its variants (see Sect. 2). Furthermore,

another combinatorial optimization problem named container pre-marshalling

problem is quite similar to the BRP and has also attracted much attention from

researchers (Bortfeldt and Forster 2012; Expósito-Izquierdo et al. 2012; Huang and

Lin 2012; Lee and Chao 2009; Lee and Hsu 2007). The container pre-marshalling

problem permits relocations only. Accordingly, its goal is not to retrieve items but

to create the opportunity of retrieving all items in the given order without additional

relocations.

The management of slab yards in steel plants is another challenging field where

the BRP arises. In steel plants there usually is a warehouse for storing items between

adjacent processing stages, e.g., between the stages of continuous casting and hot

rolling. The storage and retrieval of hot rolling slabs at yards are similar to the

handling of containers at terminals (Tang et al. 2012). See Sect. 2 for a brief

literature review on the BRP.

To the best of our knowledge, all published papers addressing the BRP as well as

the related pre-marshalling and shuffling problems assume that one move can

handle one item only. That is also the case in most real world scenarios. However,

several new types of bridge cranes that can pick up several slabs at one time, as

illustrated in Fig. 1, have successfully been designed and applied in some steel

plants. Such a move that handles more than one item, i.e., a batch move, can

increase the efficiency of operations dramatically. Exploiting this potential for an

increase in efficiency is the most important motivation for developing adequate

solution approaches.

The introduction of batch moves into the BRP implies great challenges. Of

course, in case of same problem size the solution space of the BRP-BM is much

larger than that of the BRP. Solution methods for the BRP do not work when

Fig. 1 An illustration that one move handles more than one item
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solving the BRP-BM. Even the knowledge regarding lower bounds for the number

of moves might be invalid when batch moves are introduced.

The contributions made in this research can be summarized as follows: First, we

present a novel type of the BRP, namely the BRP-BM, in which batch moves are

allowed and a retrieval order of items is given. Second, a lower bound of the number

of moves for the BRP-BM is proposed. Third, to solve the BRP-BM, we design

several algorithms including a tree search algorithm inspired by Forster and

Bortfeldt (2012). Finally, the algorithms are validated and evaluated based on a

large number of benchmark instances and randomly generated instances. Several

operational insights based on computational experiments are presented.

The remainder of this article is organized as follows. Section 2 surveys the

related literature. Section 3 describes the BRP-BM formally. The lower bound and

the algorithms are presented in Sects. 4 and 5, respectively. Section 6 validates and

evaluates the lower bound and algorithms. Finally, Sect. 7 concludes this paper.

2 Literature review

This section presents a brief literature review of the BRP. The surveyed literature

comes from different application fields including container terminals and steel

plants. Note that the problems not only have different names but also different

assumptions/definitions. They belong to the family of the problems of retrieving

items from stacks.

Kim and Hong (2006) first proposed the BRP formally for two cases. In the first

case, a retrieval sequence of items is given, i.e., each item has a unique retrieval

priority, which is the same viewpoint as in this research. In the second case, as a

comparison, different items might have the same priority, that is, a sequence of sets

is given. They designed a branch-and-bound algorithm as well as a fast heuristic

rule to solve that problem.

To solve the BRP, Caserta and Voß (2009) presented a novel heuristic named

corridor method combing the main ideas of genetic algorithms and the GRASP

metaheuristic. Later, Caserta et al. (2011) introduced a two-dimensional corridor

into the corridor method and then applied the method to a BRP in which the stacks

have no capacity limit. Caserta et al. (2009) discussed the same problem as Caserta

et al. (2011), and provided a new binary description for it.

Two kinds of relocations in the BRP should be distinguished here: forced and

voluntary moves (also called cleaning moves in Petering and Hussein (2013)).

Forced moves only relocate blocking items in order to retrieve the next outgoing

item, while voluntary moves allow the relocation of arbitrary items. Caserta et al.

(2012) presented a mathematical formulation for two versions of the BRP and

proved that both versions are NP-hard. The first version is the same as the first case

presented by Kim and Hong (2006), that is, a strict retrieval sequence of items is

given. This version of BRP forbids voluntary moves, and allows forced moves only.

As a comparison, the second version allows voluntary moves. They designed a fast

heuristic to solve the first version of BRP. Petering and Hussein (2013) provided a
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new mixed integer programming model that has considerably fewer decision

variables than the one proposed by Caserta et al. (2012) and extended a look-ahead

heuristic to solve the second version of BRP in Caserta et al. (2012). This version of

BRP, i.e., a retrieval sequence of items is given and voluntary moves are allowed, is

the most similar one to the problem considered in this article. This research

generalizes this problem by introducing batch moves.

Similarly, Zhu et al. (2012) presented a so-called iterative deepening A*

algorithm to solve the two versions of the BRP considered by Caserta et al. (2012).

Quite recently, Jin et al. (2015) also designed an improved greedy look-ahead

heuristic to solve these two versions of the BRP. Forster and Bortfeldt (2012)

developed a tree search procedure based on compound moves to solve the BRP with

a given sequence of sets. The two similar terms as compound move and batch move

should be distinguished here. Compound moves are introduced by Forster and

Bortfeldt (2012) to describe their tree search procedure. A compound move is a

sequence of moves. This sequence of moves is treated and evaluated as a whole

when branching in the tree search. Batch moves are introduced by us to formulate a

variant of the BRP. In this variant, a number of items could be handled in one move,

i.e., a batch move. This article generalizes the procedure by Forster and Bortfeldt

(2012) for normal BRP to a procedure for BRP with batch moves (BRP-BM).

Furthermore, to solve the BRP, Jovanovic and Voß (2014) designed a chain

heuristic improving the min–max heuristic, and Expósito-Izquierdo et al. (2014)

reported a domain-specific knowledge-based heuristic. Lee and Lee (2010)

presented a multi-bay BRP whose optimization criteria are the weighted sum of

the number of relocations and the working time of cranes. Hakan Akyüz and Lee

(2014) assume that new items might arrive and be stored while existing items are

being retrieved. This extension is called dynamic BRP.

Tang et al. (2002) introduced a slab stack shuffling (SSS) problem and developed

a genetic algorithm to solve it. The main difference to the problems surveyed above

is that items are grouped into families so that each item of a family is a possible

candidate for a specific retrieval request. Another difference is that the reshuffled

items should be pushed back to their original stack in the SSS problem while in

other BRPs the items can stay in the stacks that they have been pushed onto. Singh

et al. (2004) proposed a parallel genetic algorithm with two new evolutionary

operators to solve the same problem. Tang and Ren (2010), who modeled a similar

SSS problem with the balance of crane workload in different areas considered,

designed a segmented dynamic programming-based solution heuristic. Furthermore,

Tang et al. (2012) also presented several models and algorithms for the shuffling of

both slabs and coils.

See Stahlbock and Voß (2008) for a literature review on operations research at

container terminals, Vis and Roodbergen (2009) for a review and a network

formulation of the storage and retrieval of containers at terminals, and Boysen et al.

(2013) for a survey on container processing in railway yards. See also Carlo et al.

(2014) for an extensive literature survey on yard operations at container terminals

including yard design, storage space assignment, and container reshuffling.

Moreover, Lehnfeld and Knust (2014) presented a formidable survey and a

classification scheme of literature on the problems of stacks loading, unloading, pre-
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marshalling, and a combination of them (See, especially, Sect. 4.2 of Lehnfeld and

Knust (2014) for a research survey of BRP published not later than 2014). However,

to the best of the authors’ knowledge, the handling of stacks with batch moves has

not been reported publicly so far.

3 Problem statement

The slab retrieval problem in hot rolling slab yards can be formulated as follows: A

number of slabs, each of which has a priority, are piled on several stacks in a yard.

Slabs on top of any pile can be moved to the top of any other pile using the yard

crane. If a slab on the top of a pile has the highest priority among all remaining slabs

in all piles, it can be moved to the roller conveyor. The crane is able to move several

items at one time either between two piles or from a pile to the roller conveyor.

Each move, either between two piles or from a pile to the roller conveyor, costs

almost the same. The objective is to minimize the total number of moves while

retrieving all slabs from the yard.

A formal statement of the BRP-BM is presented below. We are given W first-in-

last-out stacks, each of which has a capacity H. N items are initially located on the

stacks. Each item has a unique priority and the items should be retrieved in the

given order 1; 2; � � � ;N. An item p refers to an item with a priority p hereafter in this

paper. A number of up to M items can be relocated between two stacks (relocation)

or be moved from a stack to outside of the stacks (retrieval). A retrieval of several

(up to M) items from the top of a stack is feasible if: a) the top of them has the

highest priority (i.e., the smallest number in the given retrieval order) among all

remaining slabs in the stacks and b) these items are in the given retrieval order top-

down. The BRP-BM searches for the minimum number of moves for relocations

and retrievals retrieving all items from the stacks in the given order.

Applying the classification scheme of Lehnfeld and Knust (2014), we could

formulate the BRP-BM as U|pout, v-moves, b-moves B M|#m. Here, a1 = U in the

a-field indicates that this is an unloading problem, and b1 = pout and b6 = v-moves

in the b-field tell us that a retrieval order of items is given and voluntary moves are

allowed, respectively. The added parameter b8 in the b-field as b-moves B M indi-

cates that batch moves are allowed and a move could handle at most M items.

Furthermore, the #m in the c-field is defined as the objective function minimizing

the total number of moves. Note that the number of retrievals is not fixed since batch

moves are allowed. This objective function is not equivalent to the one minimizing

the number of relocations as #RS. See Lehnfeld and Knust (2014) for a more

detailed description of this classification scheme.

In stacks of the BRP-BM a distribution of items, called a layout, is formulated as

a matrix

L ¼
p1H � � � pWH

..

.
. .
. ..

.

p11 � � � pW1

2
64

3
75 ð1Þ
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where a non-zero element pij[ 0 indicates that the item pij is on the jth

(j = 1, ���, H) tier of the ith (i = 1, ���, W) stack while a zero element pij = 0

corresponds to an empty slot. Any move can be formulated as a triple s!n t , where

s(=t) and t are the source and target stacks, respectively, and n(BM) is the number

of items in the move. A move m is a retrieval if t = -1 or a relocation otherwise.

Furthermore, n can neither be larger than the number of items in stack s nor the

number of empty slots in stack t (if t = -1).

Figure 2 shows the layout of an example, say Example 1, of the BRP-BM. In

Example 1, W = 5, H = 8, N = 27, and M = 3. In Fig. 2, cells with a solid border

correspond to items whereas cells with a dashed border are empty slots. The number

(out of the bracket) in each cell with a solid border identifies the item. The

difference between thick borders and thin borders and the meaning of the numbers

in brackets are explained later in Sects. 4.1 and 4.2, respectively. The matrix L0

formulating the layout is shown below

L0 ¼

0 0 0 0 0

0 0 0 0 22

3 5 0 0 23

7 12 4 0 24

9 13 18 0 25

11 2 17 19 26

1 6 15 20 27

8 14 10 16 21

2
66666666664

3
77777777775

:

For this current layout, moving Items 5, 12 and 13 from Stack 2 to Stack 3 is a

possible relocation which can be recorded as m1 ¼ 2!3 3. If we carry out two

relocations m2 ¼ 1!3 4 and m3 ¼ 1!1 5 in turn after m1;m4 ¼ 1!1 �1 is a feasible

retrieval. If we do not carry out m4 after m3, we can do first m0
4 ¼ 1!1 2 and then

retrieve Items 1 and 2 together as m5 ¼ 2!2 �1 alternatively. However, note that if

Item 2 is on top of Item 1, they cannot be retrieved as a whole.

Fig. 2 Layout of Example 1

402 R. Zhang et al.

123



4 A lower bound of the number of moves

We present a lower bound of the number of relocations in Sect. 4.1. Following that,

Sect. 4.2 introduces a lower bound of the number of retrievals in a specific

relocating scheme. Finally, Sect. 4.3 formulates a lower bound of the number of

moves for the BRP-BM.

4.1 A lower bound of the number of relocations

Definition 1 An item p is called smaller than another item p0 if p\ p0 or the

former one is larger than the latter one if p[ p0. As a comparison, an item at the jth

tier is called lower than another item at the j0th tier in the same stack if j\ j0 or the
former one is higher than the latter one if j[ j0.

Definition 2 (Forster and Bortfeldt 2012) An item is called badly-placed if there

is at least one smaller but lower item in the same stack, or otherwise it is called
well-placed.

According to Definition 2, a badly-placed item has to be relocated before being

retrieved because it blocks smaller but lower items. On the contrary, retrieving a

well-placed item without relocations is possible.

Definition 3 Given a stack, several adjacent items on the tiers j1; j1 � 1; j1 �
2; � � � ; j2 j2 � j1ð Þ are called forming a maximal increasing badly-placed segment
(for short, MIB segment) if and only if all the following conditions are satisfied:

(a) All these j2 - j1 ? 1 items are badly-placed;

(b) For any two adjacent items among them, the lower one is also the larger one;

(c) If the tier j1 ? 1 has an item, it is either well-placed or larger than the item at

the j1th tier; if the tier j2 - 1 has an item, it is either well-placed or smaller

than the item at the j2th tier.

In Example 1, the items followed by a bracket (shown in a rectangle with a thick

border in Fig. 2) are badly-placed and the other items are well-placed. Each

rectangle with a thick border shows a MIB segment. Note that a MIB segment might

consist of only one item. Generalizing the number of badly-placed items introduced

by Bortfeldt and Forster (2012), we present a lower bound of the number of

relocations in Lemma 1.

Lemma 1 Alower bound of the number of relocations in the BRP-BM is

Lrel ¼
XW
i¼1

Xgi
k¼1

kik
M

� �
ð2Þ

where gi is the number of MIB segments in stack i, kik is the number of items in MIB

segment k (k ¼ 1; 2; � � � ; gi) of stack i, and xd e denotes the smallest integer that is

not smaller than x.
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Proof According to Definition 2, all badly-placed items must be relocated before

being retrieved. The number of relocations for a MIB segment with kik items is at

least kik
M

� �
since at most M items could be relocated in one move. If each relocation

handles only the items within a MIB segment, the total number of relocations

obviously is at least
PW
i¼1

Pgi
k¼1

kik
M

� �
.

If a relocation handles a MIB segment with additional lower neighbors (adjacent

items), this segment will still be badly-placed and hence requires further relocations

regardless of the status of the target stack. A MIB segment possibly becomes well-

placed only if it does not share a relocation with lower neighbors. Therefore, for

each MIB segment, we only consider the relocations that do not handle additional

lower neighbors.

If a relocation handles a MIB segment with additional higher neighbors, one

might notice that this MIB segment could be combined into a new MIB segment

with the top item of the target stack or even become well-placed. However, one

relocation can reduce the number of MIB segments by one at the most. Moreover,

this proof process is not affected if a relocation handles a MIB segment with

additional higher well-placed items.

In summary, the summation of kik
M

� �
for each MIB segment k in each stack i is a

lower bound of the number of relocations in the BRP-BM. h

Figure 3 shows variant cases illustrating Lemma 1. In Fig. 3a, the relocation

handles only one MIB segment, either consisting of several items or only one item.

It is possible that this MIB segment becomes well-placed if a suitable target stack is

used. If all items in the target stack are well placed and the smallest one of them is

larger than the largest one among the items being moved (i.e., larger than 13 for the

left case or larger than 18 for the right case in Fig. 3a) the items being moved

become well placed. For the cases shown in Fig. 3b, the relocation handles a MIB

segment (i.e., Item 18 for the first case, Items 19 and 20 for the second case) with

Fig. 3 Illustration of Lemma 1
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lower neighbors (i.e., Item 17 and Item 16, respectively). The MIB segment will

definitely still be badly-placed. Taking the left case in Fig. 3b as an example, Item

18 will still be badly-placed regardless of the target stack since it still blocks the

smaller Item 17. Considering the case that a relocation handles several MIB

segments as shown in Fig. 3c, only the lowest one, i.e., Item 15, could possibly

become well-placed. The other two items 18 and 17 will still be badly placed

definitely. That is to say, at least two of these three MIB segments will still exist.

Note that Fig. 3b, c are similar to each other, with different viewpoints only.

Figure 3d shows a case of a relocation handling a MIB segment (Item 18) with

higher well-placed items (Item 4).

The relocating scheme presented above in the proof of Lemma 1 only relocates

badly-placed items. Therefore, it is named Badly-Placed-Only relocating scheme
(abbreviated, BPO relocating scheme).

4.2 A lower bound of the number of retrievals applying a specific relocating
scheme

At first glance, a lower bound of the number of retrievals in the BRP-BM is N
M

� �
.

However, such a lower bound is too loose if the BPO relocating scheme is applied.

In the BPO relocating scheme, only badly-placed items are relocated and several

badly-placed items are relocated as a whole. If an item is not at the bottom of a

relocation, its lower neighbor does not change. Therefore, several items with

continuous priorities like 1, 2, 3 cannot be removed in one retrieval. This subsection

introduces a property of badly-placed items and discusses the possibility that several

items could be retrieved together.

Property 1 The bottom property of a badly-placed item in the BPO relocating

scheme is defined as:

(a) 1 (true) if the item is at the bottom of a relocation;

(b) -1 (false) if the item is not at the bottom of a relocation;

(c) 0 (undetermined) if it is undetermined whether the item is at the bottom of a

relocation.

The bottom property of a badly-placed item depends on the number of items (kik)
in the corresponding MIB segment. Case kik\M: the items in this MIB segment are

relocated as a whole in the BPO relocating scheme. Therefore, the bottom property

of the lowest item in this segment is 1 and that of other items, if any, is -1. Case
kik
M

� �
¼ kik

M
: the MIB segment could be further divided into kik

M
sub-segments evenly,

each of which has M items. The bottom property of the lowest item in each sub-

segment is 1 and that of other items is -1. In other cases, the items should be

handled in more than one relocation. However, the specific relocating method is

undetermined. As a result, the bottom property of the lowest item in the segment is 1

and that of other items is 0.
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In Example 1 shown in Fig. 2, the number in the bracket following each badly-

placed item is its bottom property. For Stack 5, the MIB segment consists of 6 items

and hence could be divided into 6
3
¼ 2 sub-segments. For Stack 1, the MIB segment

consists of 4 items. We might either first relocate one item and then the other three

items, or first relocate two items and then the other two items, or even relocate them

using other methods. Therefore, the bottom property of Item 11 is 1 and that of

others is 0. The calculation of the bottom property of the other items could be

understood easily.

Lemma 2 An item pij at the jth tier of a stack i (former item) and the item pij ? 1

(latter item) cannot share a retrieval under the BPO relocating scheme if any of the

following conditions is satisfied:

(a) j = 1;

(b) The former item is well-placed and pi(j-1) = pij ? 1.

(c) The former item is badly-placed with the bottom property -1 and pi(j-

1) = pij ? 1.

(d) The former item is badly-placed with the bottom property 1 and the latter item

is lower than j in stack i.

(e) The former item is badly-placed with the bottom property 0 and the latter item

is lower than j - 1 in stack i.

Proof Recall that the BPO relocating scheme is considered.

(a) The lowest item, i.e., j = 1, in any stack is always well-placed and is never

relocated in the BPO relocating scheme. Therefore, it will not be relocated on

top of the latter item.

b) The former item is well-placed. Its lower neighbor does not change in the

BPO relocating scheme. Meanwhile, pi(j-1) = pij ? 1 indicates that its lower

neighbor is not the latter item. Therefore, the former and latter items cannot

share a retrieval.

(c) The relocation does not change the lower neighbor of the former item since

the former item has the bottom property -1. Similarly as in condition b), the

two items cannot share a retrieval.

(d) The lower neighbor of the former item has definitely been relocated since the

former item has the bottom property 1. The former item is moved to other

stacks rather than stack i. However, the latter item is lower than j in stack

i when relocating the former item. Therefore, the latter item cannot become

the lower neighbor of the former item.

(e) A lower neighbor may or may not exist in the relocation of the former item

since its bottom property is 0. If it does exist, this relocation does not change

its lower neighbor while the latter item (lower than j - 1 in stack i) is not its

lower neighbor. If it does not exist, the scenario is similar to that in condition

d). As a result, the former and latter items cannot share a retrieval.
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In summary, if any of the conditions is satisfied, the former and latter items cannot

share a retrieval. h

According to Lemma 2, the set 1; 2; � � � ;Nf g representing all the items can be

partitioned into h maximal subsets 1; 2; � � � ; q1f g; q1 þ 1; q1 þ 2; � � � ; q1f

þq2g; � � � ;
Ph�1

j¼1

qj

 !
þ 1;

Ph�1

j¼1

qj

 !
þ 2; � � � ;N

( )
;where qj is the number of items

in a subset j j ¼ 1; 2; � � � ; hð Þ. The qj continuous items in any subset j can be

retrieved together. The union of these subsets is 1; 2; � � � ;Nf g, while the intersection
of any two different subsets is empty.

Still considering Example 1 shown in Fig. 2, Item 1 is well-placed and its lower

neighbor is Item 8 (not Item 2). Therefore, Items 1 and 2 could not be retrieved

together. Similarly, Items 2 and 3 could not be retrieved as a whole. Item 3 has the

bottom property 0 and Item 4 is in another stack. Therefore, Items 3 and 4 might

share a retrieval. Item 4 is well-placed. So far, we get three subsets as

1f g; 2f g; 3; 4f g. Item 5 has the bottom property -1 and its lower neighbor is not

Item 6. Items 5 and 6 cannot be retrieved together. Item 6 is well-placed. We get

two more subsets as 5f g; 6f g. Item 7 has 0 as value for the bottom property while

Item 8 is in the same stack but is not its lower neighbor. Therefore, Items 7 and 8

could not be retrieved together. Item 8 is the lowest one in Stack 1. We get 7f g; 8f g.
As a comparison, Item 9 has the bottom property 0 but Item 10 is in another stack.

They could be retrieved together. The bottom property of Item 11 is 1, while Item

12 is in another stack. They could also be retrieved as a whole. Furthermore, Item 12

has the bottom property -1 meanwhile its lower neighbor is Item 13. As a result,

Items 12 and 13 might share a retrieval. Item 13 has the bottom property 1 while

Item 14 is lower than Item 13 in the same stack. Items 13 and 14 cannot share a

retrieval. Therefore, we get the subset 11; 12; 13f g. We will not analyze the other

items one by one because of the limited space. The final partition result is:

1f g; 2f g; 3; 4f g; 5f g; 6f g; 7f g; 8f g; 9; 10f g; 11; 12; 13f g; 14f g; 15; 16f g;
17; 18; 19; 20; 21f g; 22; 23; 24f g; 25; 26; 27f g:

Corollary 1 A lower bound of the number of retrievals of the BRP-BM under the

BPO relocating scheme is

Lret ¼
Xh
j¼1

qj
M

l m
: ð3Þ

4.3 The R1R lower bound

Theorem 1 A lower bound of the number of moves of the BRP-BM is

Lmove ¼ Lrel þ Lret: ð4Þ
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Proof A lower bound of the number of relocations of the BRP-BM is Lrel

according to Lemma 1, while a lower bound of the number of retrievals under the

BPO relocating scheme is Lret. Therefore, if we apply the BPO relocating scheme,

the total number of moves is at least Lrel þ Lret. If we carry out more relocations,

the number of retrievals might be smaller than Lret. However, the number of

relocations will be increased by at least one if the number of retrievals is decreased

by one. As a result, the total number of moves is at least Lrel þ Lret. h

Literally, this lower bound of the number of moves of the BRP-BM is the

summation of the number of Relocations and the number of Retrievals (under the
BPO relocation scheme). Therefore, it gets its name R 1 R.

In Example 1,

Lrel ¼ 4

3
þ 3

3
þ 1

3
þ 1

3
þ 1

3
þ 2

3
þ 6

3
¼ 9

Lret ¼ 1

3
þ 1

3
þ 2

3
þ 1

3
þ 1

3
þ 1

3
þ 1

3
þ 2

3
þ 3

3
þ 1

3
þ 2

3
þ 5

3
þ 3

3
þ 3

3
¼ 15

Lmove ¼ 9þ 15 ¼ 24

.

5 Solution algorithms

The BRP-BM is NP-hard since it generalizes the NP-hard problem U|pout, v-
moves|#RS (Caserta et al. 2012). This section presents a greedy algorithm and

several tree search algorithms to solve the BRP-BM.

5.1 The greedy algorithm

The greedy algorithm generates a solution of the BRP-BM based on priorities of

moves. We will discuss priorities of different types of moves before presenting

details of the greedy algorithm.

Definition 4 A relocation is defined as a Bad-Good (BG) relocation if all the

relocated items were badly-placed before the relocation and are well-placed after

the relocation. A BG relocation is further defined as a BG-Combinable (BGC)

relocation if the top item of the target stack is the lowest relocated item plus one or a

BG-Non-Combinable (BGNC) relocation otherwise.

Definition 5 A relocation is defined as a Free-Smallest-Item (FSI) relocation if

the smallest item in the whole layout is in the source stack and lower than all the

relocated items. A FSI relocation is further defined as a FSI-Combinable (FSIC)

relocation if the top item of the target stack is the lowest relocated item plus one or a

FSI-Non-Combinable (FSINC) relocation otherwise.

Definition 6 A relocation is defined as a Good–Good (GG) relocation if all the

relocated items were well-placed before the relocation and are well-placed after the

relocation.
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Retrievals are always preferred and hence have the highest priority among all

types of moves since all items should be retrieved finally. Recall that each item is

unique. If several retrievals are applicable to a layout, they definitely have the

identical source stack. The only difference between them is the number of items

retrieved. A retrieval s!n1 �1 is favored compared to another one s!n2 �1 if

M C n1[ n2. As a result, we say hereafter that there is at most one retrieval

applicable to a layout ignoring other retrievals with fewer items (as illustrated in

Fig. 4a), without confusions involved. In Fig. 4, Stack s is the source stack and

Stack t (if any) is the target stack.

Compared to other types of relocations, BG relocations (refer to Fig. 4b, c) are

favored because they have to be applied in order to enable retrievals in the future.

BGC relocations are further preferred among BG relocations. The reason is that a

BGC relocation might possibly reduce the number of retrievals by one. For

example, the BGC relocation of Items 2 and 4 in Fig. 4b might make the two items

4 and 5 retrievable together while the BGNC relocation of Item 2 in Fig. 4c cannot.

Note that decreasing the number of retrievals by one requires at least one relocation.

FSI relocations, especially FSIC relocations, are preferred if neither retrievals nor

BG relocations exist. Remember that the smallest item in the whole layout will be

retrieved first. Therefore, it should be freed first. We prefer FSIC relocations (see

Fig. 4d) to FSINC relocations (see Fig. 4e) and BGC relocations to BGNC

relocations. Furthermore, GG relocations (refer to Fig. 4f) could provide better slots

for further relocations under certain conditions. Therefore, they are assigned equal

priority as FSINC relocations.

The priorities of different types of moves, as in the brackets following them, are

summarized as

Retrievals 1ð Þ � BGC 2ð Þ � BGNC 3ð Þ � FSIC 4ð Þ � FSINC 5ð Þ ¼ GG 5ð Þ; ð5Þ

where � means ‘‘be preferred to’’.

In the greedy algorithm, if a move with a higher priority exists, we do not

consider a move with a lower priority. If several moves with the same highest

Fig. 4 Types of moves
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priority exist, we choose one with the largest number of items among them. This is

the greedy idea of this algorithm. Note that if a BRP-BM instance has feasible

solutions, either a retrieval, a BG relocation or a FSI relocation always exists.

Therefore, the greedy algorithm does not consider GG relocations.

The greedy algorithm consists of the following main steps:

Step 1 Let L be the initial layout and xgreedy be an empty sequence of moves. Let

the current move priority P = 1.

Step 2 If there is a move with a priority P applicable to layout L, let m be this

move (if several such moves exist, set m as one with the maximum number

of items among them) and go to Step 4; Otherwise, go to Step 3.

Step 3 Let P = P ? 1 and go to Step 2.

Step 4 Append m to xgreedy, say xgreedy = xgreedy ? m. Apply m to L, say

L ¼ L� m. If L is not empty, let P = 1 and go to Step 2; Otherwise, xgreedy

is the solution of the BRP-BM.

5.2 A tree search algorithm based on compound moves

In this subsection, we will present a tree search algorithm based on compound

moves to solve the BRP-BM. The design of this algorithm was inspired by Forster

and Bortfeldt (2012). Forster and Bortfeldt (2012) designed their tree search

algorithm to solve U|(Iout)K, v-moves|#RS, where (I
out)K indicates that a sequence of

length K containing sets of outgoing items is given (refer to Lehnfeld and Knust

(2014)). However, the problem that we consider is U|pout, v-moeves, b-

moves B M|#m. There are two differences between them. First, batch moves are

allowed in this article but not introduced in Forster and Bortfeldt (2012). Second,

each item has unique priority in this article but different items might have the same

priority in Forster and Bortfeldt (2012). As a result, implementation of the

algorithm, especially the description of move types and hence the generation of

compound moves, differs from that in Forster and Bortfeldt (2012).

5.2.1 Framework of the algorithm

The algorithm presented in this section is a depth-first InComplete tree search in

general. Besides, it is based on Compound moves. Therefore, it was named ICC-

TREE. Since ICC-TREE is an incomplete search, it can only provide a near

optimum solution of the BRP-BM.

The main idea of ICC-TREE can be formulated as follows: At each node, we

branch based on compound moves, i.e., we look several steps ahead. The branches

are evaluated according to the length of a compound move (i.e., the number of

moves in it) plus the lower bound (of the number of moves) of the generated new

layout. A sub-algorithm generates a set of compound moves for a current layout (see

Sect. 5.2.2 for details). To speed up the search, we limit the number of compound

moves at each node and sort them before further branching. If a given time limit is

reached or an optimum solution is provided, the algorithm returns.
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The main function of ICC-TREE has four arguments: a current layout L, the

lower bound for the BRP-BM Lmove, the optimum-so-far solution xtree, and a move

sequence xpart. When this function is called initially (as an entrance of ICC-TREE),

L is the initial layout of the BRP-BM, Lmove is the lower bound for L, xtree is a

solution provided by the greedy algorithm, and xpart is an empty sequence of moves.

Note that this function is a recursive function. When it is called by itself, the values

of these arguments could be found in its description. This function has the following

main steps:

Step 1 If length of xtree is not larger than Lmove or the given time limit is reached,

return.

Step 2 Let H be a set of compound moves applicable to L. Sort the compound

moves mcompound 2 H according to the length of mcompound plus the lower

bound of L� mcompound ascendingly. Keep the first nbranch compound

moves and erase the others if the size of H is larger than a given threshold

nbranch.

Step 3 For each mcompound in H, if L� mcompound is empty and length of

xpart ? mcompound is shorter than xtree, let xtree = xpart ? mcompound; if L�
mcompound is not empty, call this function itself with the arguments as

L� mcompound , Lmove, xtree, and xpart ? mcompound.

5.2.2 Generation of compound moves

Similarly as in Bortfeldt and Forster (2012), the generation of compound moves is

also an incomplete tree search. ICC-TREE branches according to these compound

moves. Therefore, the sub-algorithm generating compound moves could be

regarded as an inner tree search of ICC-TREE.

The main idea of this sub-algorithm can be formulated as follows: First, a set of

productive moves are generated for any given layout. The set of productive moves

are the moves with the highest priority among all moves applicable to the layout. If

the highest priority is 5, the maximum number of FSINC relocations and GG

relocations are given separately. Compound moves are then generated according to

the productive moves in the tree search. When generating compound moves, the

maximum number of branches at each node is also controlled.

The generation procedure of compound moves, i.e., the COMPOUND function,

has the following six arguments: the optimum-so-far solution xtree, an incomplete

solution xpart, a current layout L, a move sequence mcompound, an argument for

controlling the maximum number of branches in the generation of compound moves

ncm, and a set of compound moves H. When the COMPOUND function is called by

ICC-TREE, xtree and xpart are the arguments delivered by ICC-TREE, L is the

current layout, mcompound is an empty sequence, ncm = 1, and H is an empty set. The

main steps of COMPOUND are:

Step 1 If the given time limit is reached, return.

Step2 P = 1.
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Step 3 If P\ 5, go to Step 4; otherwise, let K be the set of FSINC relocations and

GG relocations applicable to L, where the maximum number of FSINC

relocations and that of GG relocations have a given threshold, i.e., nfsinc-max

and ngg-max, respectively. Go to Step 5.

Step 4 If there is no move with a priority P applicable to L, let P = P ? 1 and go

to Step 3; otherwise, let K be the set of moves with priority P applicable to

L.

Step 5 Let m be the first move in K.
Step 6 If layout L� m is empty, append mcompound ? m into H and go to Step 9.

Step 7 If the summation of length of xpart and length of mcompound ? m plus the

lower bound of layout L� m is not smaller than the length of xtree, ignore

m and go to Step 9.

Step 8 If ncm C ncm-max, where ncm-max is a given constant, append

mcompound ? m into H and go to Step 9; otherwise, call COMPOUND with

arguments xtree, xpart, L� m, mcompound ? m, ncm multiplied by the total

number of moves in K, and H.

Step 9 If m is not the last move in K, let m be the next move in K and go to Step 6.

5.3 Other tree search algorithms

Besides ICC-TREE described above, we present two other tree search algorithms in

this subsection. As we can see in Sect. 5.2, if ICC-TREE does not branch based on

compound moves, it degenerates to a common tree search algorithm. The two

algorithms presented in this subsection are quite similar to this degenerated version

of ICC-TREE. Therefore, we introduce them following ICC-TREE. As a

comparison, these two algorithms are named InComplete tree search (for short,

IC-TREE) and Complete tree search (for short, C-TREE), see Sects. 5.3.1 and 5.3.2

for details, respectively.

5.3.1 The IC-TREE algorithm

IC-TREE differs slightly from the degenerated version of ICC-TREE. First, it

branches according to the lower bound of the new layout rather than priorities of

moves at each node. Only the moves with the minimum lower bound of the

corresponding new layout are considered. Second, it does not further limit the

number of branches at each node since the number of moves resulting in the same

minimum lower bound is not so large.

IC-TREE has the same arguments as ICC-TREE. It has the following main steps:

Step 1 If length of xtree is not larger than Lmove or the given time limit is reached,

return.

Step 2 Let H be the set of moves applicable to L with the minimum lower bound.

Step 3 For each move m in H, if L� m is empty and length of xpart ? m is shorter

than xtree, let xtree = xpart ? m; if L� m is not empty, call this function

itself with the arguments as L� m, Lmove, xtree, and xpart ? m.
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5.3.2 The C-TREE algorithm

C-TREE further slightly differs from IC-TREE. First, it has no given limit of

running time. Second, all moves having potential to provide an optimum solution

are considered at each node. Therefore, C-TREE provides an optimum solution of

the BRP-BM once it finishes.

Two points about potential moves should be noted here. One is that if a retrieval

is applicable to a layout, C-TREE as well as IC-TREE and ICC-TREE accept this

retrieval ignoring all relocations. As we discussed before, at least one optimum

solution will not be missed in this algorithm. Reducing the number of retrievals by

one requires at least one relocation. The other point is that, for a given source stack,

if there are several empty stacks, we accept only one empty stack as the target stack.

Obviously, all empty stacks are equivalent to each other as the target of a relocation

for a given source stack.

C-TREE has the same arguments as IC-TREE and has the following main steps:

Step 1 If length of xtree is not larger than Lmove, return.

Step 2 Let H be the set of all potential moves applicable to L.

Step 3 Sort the moves m 2 H according to the lower bound of L� m ascendingly.

For two relocations with a same lower bound of layout L� m, the one with

a source ssmallest is preferred if they have different source stacks, or the one

without a target ssmallest is preferred otherwise. Here, ssmallest is the stack

consisting of the smallest item in L.

Step 4 For each move m in H, if L� m is empty and length of xpart ? m is shorter

than xtree, let xtree = xpart ? m; if L� m is not empty, call C-TREE itself

with the arguments as L� m, Lmove, xtree, and xpart ? m.

Still considering Example 1 as shown in Fig. 2, assume nc--max = 2 and

nbranch = 3 in ICC-TREE. Obviously, no retrieval is applicable to L0. The move

1!1 3, i.e., relocating Item 3 from Stack 1 to Stack 3, is the only BGC relocation for

L0. Therefore, the set of productive moves currently is K ¼ 1!1 3
n o

. Several

BGNC relocations such as 4!1 5 and 2!1 5 have the highest priority for the new

layout. COMPOUND generates a set of compound moves. Within these compound

moves, the one 1!1 3; 4!1 5; 2!3 4 with a length 3 results in a layout with a lower

bound 23. Besides this one, other two compound moves as 1!1 3; 2!1 5; 2!2 4 and

1!1 3; 2!3 4; 1!1 5 are accepted, evaluated, and further branched, as shown in

Fig. 5a. Other compound moves at this node are omitted without further branches.

Considering IC-TREE, two moves 2!3 4 and 3!2 4 can generate a new layout with

a lower bound of 23 while no move can generate a layout with an even smaller

lower bound. Therefore, the branching of IC-TREE is based on these two moves,

while other moves are omitted at this node, as shown in Fig. 5b. As a comparison,

C-TREE evaluates all potential moves such as 2!3 4, 3!2 4 and 1!1 3 and further

branches, as shown in Fig. 5c.
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6 Validation and evaluation

This section validates and evaluates the algorithms extensively. The algorithms are

coded in Microsoft Visual C?? 2008. All experiments are run on a personal

computer with Intel (R) Core (TM) 2 Quad CPU Q9400 (both are 2.66 GHz) and

3.49 GB memories. Note that all the algorithms presented in this article have no

randomness. Therefore, each algorithm is executed only once for each instance

throughout this research.

Specifically speaking, Sects. 6.1 and 6.2 present the experiments based on

randomly generated instances and those based on existing instances, respectively.

Remember that the loading/unloading/pre-marshalling of stacks with batch moves

have not been reported so far. The so-called existing instances analyzed in Sect. 6.2

are from the articles for U|pout, v-moves|#RS, which is the most similar existing

problem to the problem considered in this article. Section 6.3 analyzes the effects of

different values of M finally.

(b) IC-TREE (c) C-TREE

(a) ICC-TREE 

Fig. 5 Illustration of the three tree search algorithms
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6.1 Experiments based on randomly generated instances

The greedy algorithm and C-TREE are evaluated in Sect. 6.1.1. Furthermore, we

focus our evaluation on the performances of IC-TREE and ICC-TREE in

Sects. 6.1.2 and 6.1.3, respectively.

6.1.1 Evaluation of the greedy algorithm and C-TREE

We have randomly generated 15 cases, each consisting of 5 instances of the BRP-

BM, to validate the algorithms. W ranges from 5 to 10 and H ranges from 4 to 10

according to the size of problems in real life scenarios. Occupancy rate of stacks is

0.5 because the rate in real-life scenarios usually is not larger than this value. That

is, the initial number of items in each stack, say H
0
, is 0.5H. Set M = 3 according to

crane types used in hot rolling slab yards of some steel plants. All these

75(= 15 9 5) instances are solved using the greedy and C-TREE algorithms. Both

the calculation of the lower bound and run of the greedy algorithm for each instance

take less than one second. Other statistical results of the algorithms are shown in

Table 1.

Table 1 Statistical results of the greedy and C-TREE algorithms

Case

no.

W;H;H0 Average

time of

C-TREE

(s)a

Average

gap

between

Lmove and

C-TREE

(%)

Average

gap

between

C-TREE

and greedy

(%)

# Of

instances

that

Lmove ¼
C-TREE

# Of

instances

that

greedy = C-

TREE

# Of instances

that time of

C-TREE[ 1 h

1 5; 4; 2 \1 0.00 3.64 5 4 0

2 6; 4; 2 \1 0.00 13.41 5 1 0

3 7; 4; 2 \1 1.33 4.00 4 3 0

4 8; 4; 2 2 2.29 2.35 3 4 0

5 9; 4; 2 \1 0.00 6.44 5 3 0

6 10; 4; 2 \1 0.00 4.01 5 2 0

7 5; 6; 3 \1 3.76 18.12 2 0 0

8 6; 6; 3 1 2.22 11.89 3 0 0

9 7; 6; 3 4 0.95 12.96 4 0 0

10 8; 6; 3 749 3.04 14.04 1 1 1

11 5; 8; 4 129 5.26 19.57 1 0 0

12 6; 8; 4 487 5.33 17.54 0 0 0

13 7; 8; 4 996 3.23 32.26 0 0 4

14 5; 10; 5 125 5.23 27.89 0 0 3

15 6; 10; 5 22 0.00 25.00 1 0 4

a Note that for the third through seventh column, the instances for which optimum solutions have not

been provided within 1 h (see the eighth column) are excluded
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Several remarks could be obtained from the results in Table 1. First, C-TREE

could provide optimum solutions of small-sized instances and even some medium-

sized instances in a short running time. For 11 out of the 15 cases, C-TREE provides

an optimum solution of each of the five instances within 1 h (refer to the last

column). Even for Case 17 with a size 5; 10; 5 W ;H;H0ð Þ, C-TREE could provide

an optimum solution of 2 out of the 5 instances. The average running time within

this case is 125 s (refer to the third column). Optimum solutions of totally 63 out of

the 75 instances have been provided by C-TREE. The average solving time of these

63 instances is 117 s.

Second, the lower bound is good for most instances. The sixth column of Table 1

presents the number of instances that the lower bound is equal to the length of the

optimum solution. Taking Case 9 as an example, the lower bound of 4 out of the 5

instances equals to the optimum objective value. The average gap between these

two values within this case (refer to the fourth column) is 0.95 %. The gap here is

defined as vc�tree�Lmove

vc�tree � 100%, where vc-tree is the optimum objective value

provided by C-TREE. In total, this gap is zero for 39 out of the 75 instances. The

total average gap is 2.09 %.

Third, performance of the greedy algorithm turns out to be not bad for some

instances. The fifth column of Table 1 presents the average gap between the

solutions provided by the greedy and C-TREE algorithms. Similarly, this gap is

defined as vgreedy�vc�tree

vc�tree � 100% where vgreedy is the length of solutions provided by

the greedy algorithm. On a total average, this gap is 11.73 %.

6.1.2 Evaluation of IC-TREE

As expected for larger-sized instances, the performances of the greedy algorithm

and the performance of C-TREE are not as good as for smaller-sized instances.

Therefore, this subsection as well as the next subsection evaluates the performance

of the two incomplete algorithms. From the 75 instances generated in Sect. 6.1.1,

we have selected 14 typical instances whose solving time by C-TREE is relatively

long. They are named by the case number with an instance number in the case. For

example, Instance 15-1 is the first instance in Case 15. Let the given time limit be

1 h. The comparative results between IC-TREE and C-TREE are presented in

Table 2. Note that the same time limit is also given to C-TREE here.

The results in Table 2 indicate that the running time of IC-TREE in general is

much shorter than that of the C-TREE while the objective values provided by them

are almost the same for most instances. As can be seen in Table 2, the running time

of C-TREE for the first 10 instances is\1 h. The solution provided by C-TREE is a

global optimal solution since C-TREE is a complete search. For 8 out of these 10

instances, IC-TREE also provides an optimum solution. For each of the remaining 2

instances, the objective gap is only 1. One might notice that the running time of IC-

TREE for 3 special instances, e.g., Instance 10-1, is a little longer than that of

C-TREE. One possible reason is that the cutting of some branches with a slightly

higher lower bound delays the finding of an optimum solution. For the last 4

instances, the given time limit is reached for both algorithms. Therefore, we cannot
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verify the optimality of these solutions. Interestingly, the solution of Instance 15-5

given by IC-TREE is even much better than that provided by C-TREE.

6.1.3 Evaluation of ICC-TREE

We have randomly generated four more cases (Cases 16 to 19) of large-sized

instances to evaluate ICC-TREE. Sizes of instances in these four cases are 8; 10; 5,
8; 12; 6, 10; 10; 5, and 10; 12; 6, respectively. Each case consists of 10 independently

generated instances. All the 40(=4 9 10) instances are solved using both IC-TREE

and ICC-TREE. The time limit of each algorithm for each instance is 1 min.

According to the corresponding values given by Forster and Bortfeldt (2012) as well

as our experiences, key parameters of ICC-TREE are set as: nbranch = 10,

ncm-max = 10, nfsinc-max = 3, and ngg-max = 2.

As indicated in Fig. 6, the average running time of IC-TREE for each case is

60 s. In other words, IC-TREE ends for all the 40 instances when the given time

limit is reached. As a comparison, the average running time of ICC-TREE for Cases

16, 17, and 18 is shorter than 60 s. Specifically, the average running time of ICC-

TREE over the 10 instances in Case 16 is only 22 s. Of course, the average running

time of ICC-TREE increases as the size of the instances increases. For Case 19, the

solving time for each instance is equal to the given time limit.

For most instances, the quality of the solutions provided by ICC-TREE is much

higher than that provided by IC-TREE. Although the running times of ICC-TREE

are usually shorter than those of IC-TREE, objective values of the solutions

presented by ICC-TREE are superior to those presented by IC-TREE. The relative

Table 2 Performance differences between C-TREE and IC-TREE

Instance W ;H;H0 Lmove Running time (s) Objective value

C-TREE IC-TREE Gap C-TREE IC-TREE Gap

15–1 6; 10; 5 32 22 5 17 32 32 0

9–1 7; 6; 3 22 14 1 13 22 22 0

4–1 8; 4; 2 17 10 11 -1 18 18 0

10–1 8; 6; 3 24 2930 3042 -112 25 25 0

11–1 5; 8; 4 21 643 283 360 23 23 0

12–1 6; 8; 4 25 111 16 95 27 27 0

12–2 6; 8; 4 25 1911 63 1848 27 27 0

12–3 6; 8; 4 25 146 83 63 26 26 0

12–4 6; 8; 4 25 265 31 234 26 27 1

12–5 6; 8; 4 23 2 13 -11 24 25 1

15–2 6; 10; 5 35 3600 3600 – 38 39 1

15–3 6; 10; 5 32 3600 3600 – 40 40 0

15–4 6; 10; 5 33 3600 3600 – 39 39 0

15–5 6; 10; 5 34 3600 3600 – 47 42 -5
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difference between them is defined as vic�tree�vicc�tree

vic�tree � 100% where vic-tree and

vicc-tree are the length of the solutions provided by IC-TREE and ICC-TREE,

respectively. This value is 4.31 % on average for Case 19.

Figure 7 presents the detailed comparison for Case 16 as an example. It can be

seen that the running time of ICC-TREE is even shorter than 10 s for 5 out of the 10

instances. Among all the 40 instances, Instance 16-1 is the only one for which ICC-

TREE presents a worse solution than IC-TREE.

In summary, ICC-TREE outperforms the other algorithms for these large-sized

instances, although it does not perform so well for some small- or medium-sized

instances. See Table 3 for brief information about its performance on Cases 1–15

(all parameters remain unchanged when solving the instances in these cases). The

row ‘‘# optimum ICC-TREE instances (63)’’ of Table 3 provides the number of

instances when ICC-TREE provides an optimum solution among the 63 instances
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when C-TREE provides an optimum one. The row ‘‘Average ICC-TREE Gap (63)’’

shows the average gap vics�tree�vc�tree

vc�tree � 100%
� �

between the solutions provided by

ICC-TREE and the optimum solution among the above 63 instances. The row

‘‘Averaged ICC-TREE running time (75)’’ refers to the averaged running time for

all 75 instances. The row ‘‘# instances with high running time (75)’’ indicates the

number of instances when the running time is not less than 1 s among all the 75

instances.

6.2 Experiments based on existing instances

This subsection further evaluates the algorithms based on existing instances. The

evaluation in this subsection focuses on ICC-TREE according to the above analyses.

Twenty-one cases of U|pout, v-moves|#RS from Petering and Hussein (2013), say

Cases PH1 to PH21, were solved by using ICC-TREE as well as the greedy

algorithm while we set M = 3. Each case consists of 40 independent instances. In

each instance, we have H = 2H
0
- 1. The parameters of ICC-TREE are set the

same as in Sect. 6.1.3. Information of the instances and the statistical results are

shown in Table 4.

Basically speaking, the experiments based on existing instances validate the

algorithms again. From Table 4 we can derive several remarks similar to those in

Sect. 6.1. The running time of ICC-TREE increases as the problem size increases.

The grouping of cases into small, medium, and large instances in Table 4 has been

copied from Petering and Hussein (2013). Some medium instances almost constitute

the largest size of real life scenarios in iron and steel plants, while large instances

seldom arise. As expected, the average gap between the solutions provided by ICC-

TREE and the lower bound increases as the problem size increases. The two gaps in

the fourth and fifth columns of Table 4 are defined as vgreedy�Lmove

vgreedy
� 100% and

vicc�tree�Lmove

vicc�tree � 100%, respectively. The average gap between the solutions provided

by ICC-TREE and the lower bound is 12.1 % within the 400(40 9 10) small

instances and 17.0 % within all the 840(40 9 21) instances. For some small

instances, there is no gap between these two values (refer to the last two columns).

6.3 Effects of M

We have modified the value of M from 3 to 2 and solved the 840 instances from

Petering and Hussein (2013) using ICC-TREE with all parameters remaining

unchanged. The relative lower bound of each instance (in relation to the lower

Table 3 Brief information of

the performance of ICC-TREE

on Cases 1–15

Index Value

# Optimum ICC-TREE instances (63) 19

Averaged ICC-TREE gap (63) 8.53 %

Averaged ICC-TREE running time (75) \1

# Instances with high running time (75) 7
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bound when M = 3) is calculated. The relative objective value provided by ICC-

TREE of each instance is also calculated similarly. These two relative values are

averaged over the 840 instances. Furthermore, the value of M is changed to 1 and

the 840 instances are solved again using the same algorithm with the same setting.

Figure 8 indicates that when M changes to 2 and then to 1, the average relative

lower bound over the 840 instances increases to 1.06 and then to 1.42. Similarly, the

average relative objective value provided by ICC-TREE increases to 1.07 and then to

1.34. Moreover, there is no obvious difference between cases for these two trends.

The economic benefits achievable due to the introduction of batch moves can be

obtained if we consider the results in a reverse order. For a given layout, assuming

that the number of moves without batch moves (M = 1) is normalized to be 1, the

Table 4 Information of instances and statistical results on the instances from Petering and Hussein

(2013)

Case W;H;H0 Average

time of

ICC-TREE

(s)

Average gap

between greedy

and Lmove and

(%)

Average gap

between ICC-

TREE and Lmove

(%)

# Of

instances

that greedy

¼ Lmove

# Of instances

that ICC-

TREE

¼ Lmove

Small instances

PH1 3, 5, 3 \1 14.7 11.4 7 7

PH2 4, 5, 3 \1 16.3 12.4 1 1

PH3 5, 5, 3 \1 13.8 10.6 3 3

PH4 6, 5, 3 \1 14.3 10.8 1 1

PH5 7, 5, 3 \1 14.7 10.8 0 0

PH6 8, 5, 3 \1 15.2 11.4 0 0

PH7 4, 7, 4 \1 20.3 13.3 0 0

PH8 5, 7, 4 \1 20.7 14.2 1 1

PH9 6, 7, 4 \1 17.9 13.1 0 0

PH10 7, 7, 4 \1 17.6 13.2 0 0

Medium instances

PH11 4, 9, 5 \1 22.7 16.9 –a –

PH12 5, 9, 5 \1 21.3 16.1 – –

PH13 6, 9, 5 1 23.6 16.2 – –

PH14 7, 9, 5 7 22.4 16.2 – –

PH15 8, 9, 5 21 23.3 16.8 – –

PH16 9, 9, 5 35 23.5 17.2 – –

PH17 10, 9, 5 52 23.6 17.9 – –

Large instances

PH18 6, 11, 6 17 27.5 18.4 – –

PH19 10, 11, 6 60 26.8 24.0 – –

PH20 6, 19, 10 60 39.6 39.1 – –

PH21 10, 19, 10 60 37.8 37.8 – –

a Note that the indices in the last two columns have not been collected for medium- and large- sized

instances. These two indices are designed mainly for small-sized instances. We can predict that, if we

collect, the last two columns for the medium- and large- sized instances might be zero
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Fig. 8 Trends of the average relative lower bound and objective value when M changes

Table 5 Comparative results to existing algorithms where M = 1

Case W;H;H0 # Of relocations Time of

ICC-TREE (s)
KH DH CM PH ICC-TREE

Small instances

PH1 3, 5, 3 7.1 5.6 5.4 5.1 5.2 \1

PH2 4, 5, 3 10.7 7.3 6.5 6.3 6.5 \1

PH3 5, 5, 3 14.5 8.0 7.3 7.0 7.1 \1

PH4 6, 5, 3 18.1 10.2 7.9 8.4 8.6 \1

PH5 7, 5, 3 20.1 11.3 8.6 9.2 9.5 \1

PH6 8, 5, 3 26.0 12.8 10.5 10.6 10.7 \1

PH7 4, 7, 4 16.0 12.2 9.9 10.4 10.4 \1

PH8 5, 7, 4 23.4 15.7 16.5 13.0 12.9 \1

PH9 6, 7, 4 26.2 17.3 19.8 14.0 14.0 \1

PH10 7, 7, 4 32.2 20.2 21.5 16.4 16.3 2

Medium instances

PH11 4, 9, 5 23.7 18.6 16.6 15.8 15.7 1

PH12 5, 9, 5 37.5 23.9 18.8 19.7 19.2 3

PH13 6, 9, 5 45.5 27.9 22.1 22.6 22.5 10

PH14 7, 9, 5 52.3 31.9 25.8 24.8 24.4 22

PH15 8, 9, 5 61.8 36.4 30.1 27.8 27.9 36

PH16 9, 9, 5 72.4 40.3 33.1 30.7 31.7 52

PH17 10, 9, 5 80.9 45.2 36.4 33.5 34.8 54

Large instances

PH18 6, 11, 6 37.3 41.3 32.4 32.6 35.7 52

PH19 10, 11, 6 75.1 61.5 49.5 46.8 52.9 60

PH20 6, 19, 10 141.6 107.4 102.0 85.0 105.7 60

PH21 10,19, 10 178.6 152.4 128.3 119.5 154.5 60
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number of moves is around 0.80(= 1.07/1.34) for M = 2, and the number of moves

is 0.75(=1/1.34) for M = 3. These values might constitute the amount of reducing

operating costs, for M = 2 and M = 3. We did not consider the effects of batch

moves which can handle more than three items at a time since we have not found

any real-world scenario with M[ 3.

The BRP-BM degenerates to be U|pout, v-moves|#RS when M = 1. Table 5

shows the results of ICC-TREE as well as the results provided by existing

algorithms. The values in the KH (the fast heuristic proposed by Kim and Hong

(2006)), DH (the heuristic proposed by Aydin (2006) and Aydin and Ünlüyurt

(2008) to solve difficult instances of the BRP), CM (the corridor method proposed

by Caserta et al. (2011)), and PH (the best one among the family of look-ahead

algorithms proposed by Petering and Hussein (2013)) columns have been copied

from Petering and Hussein (2013). Furthermore, Petering and Hussein (2013)

copied the values in the KH and CM columns from literature, and generated the

values in the DH and PH columns by themselves. The values in the ICC-TREE

column were obtained from the objective values minus N (=WH
0
) since the number

of retrievals is fixed as the number of items under this scenario. All results in

Table 5 have been averaged over the 40 instances of the corresponding cases.

The results in Table 5 validate ICC-TREE again. For five cases (marked in bold

in Table 5), i.e., Cases PH8, PH9, PH10, PH11, and PH14, the average number of

relocations provided by ICC-TREE is the smallest among the five algorithms. For

the other cases, ICC-TREE outperforms some of the other four algorithms. Such a

performance of ICC-TREE should be acceptable because it is not designed for this

special case but for BRP-BM.

7 Conclusions

A blocks relocation problem with batch moves (BRP-BM) mainly arising from the

operations at slab yards in steel plants has been proposed and studied in this article.

In such a problem, each move, either relocation or retrieval, is able to handle several

items at one time. A lower bound of the number of moves for the BRP-BM has been

derived. A greedy algorithm and several tree search algorithms have been presented

and evaluated based on not only randomly generated instances but also existing

instances to solve the BRP-BM.

Several concluding remarks could be obtained from the experiments. First, the

greedy algorithm runs fast while the tree search algorithms that do not consider

compound moves (C-TREE and IC-TREE) are suitable for instances with a

relatively small scale. The tree search algorithm based on compound moves (ICC-

TREE) is suitable for instances of the BRP-BM with large size and performs well

when compared to existing algorithms for common BRP. Second, for a given

instance, the lower bound and the objective value provided by ICC-TREE increase

as the value of M decreases. Considering the scenario that M ¼ 1 as a base case, the

relative number of moves is roughly 0.80 if M = 2 or 0.75 if M = 3.

This research could be continued in several ways. First, it would be interesting to

consider specific scenarios. For example, what will happen in case the cost of
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retrievals considerably differs from that of relocations and hence the number of

relocations and the number of retrievals have to be minimized separately? Second,

what will happen if a sequence of sets instead of a sequence of items is given?

Finally, a large number of problems will arise if we introduce batch moves into

loading or pre-marshalling problems.
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