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Abstract
This paper investigates the mother plate design (MPD) problem which is a typical 
problem in the production planning of steel plants. The MPD problem refers to a 
variant of the two-dimensional variable-sized bin packing problem in which the 
height of a bin is in a given finite set and the width of each bin is continuous in an 
interval. The problem is first formulated as a mixed integer nonlinear programming 
model and then linearized into a mixed integer programming model. We present a 
column generation-based (CG-based) algorithm to approximately solve the MPD 
problem, in which a height combination scheme is devised to decrease the dimen-
sions of the pricing sub-problem. We present an accelerated CG (ACG) algorithm 
with improved performance which adopts two heuristic accelerating strategies in the 
pricing process. We use practical instances collected from a Chinese steel plant to 
test the performance of the proposed algorithms. The results indicate that the ACG 
algorithm is suitable for solving real-world instances.

Keywords Mother plate design · Two-dimensional variable-sized bin packing 
problem · Column generation · Accelerated column generation

1 Introduction

Plate and strip are the mainstream steel products, accounting for about 45 percent of 
the total steel products, which are the main raw material of automobile, ship-build-
ing and other industries. In modern steel plants, plate and strip products are highly 
customized according to a make-to-order policy and thus have different sizes and 
demands. Nevertheless, the mass production mode is adopted for producing mother 
plates conflicting with individual needs of market. A challenge that steel enterprises 
have been facing is how to combine the ordered plates of personalized requirements 
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into mother plates considering constraints imposed by the production process and 
machinery, so that the steel enterprises can improve production efficiency and 
reduce production cost.

Fig. 1 shows the production process of plate and strip products, in which molten 
steel converts into order plates through a sequence of steps. Batches of refined 
molten steel are poured into continuous casters to produce slabs. Then, the slabs 
enter the slab yard one by one following the casting sequences and exit according 
to the rolling sequences. The slabs are reheated in reheating furnaces to a speci-
fied temperature. After that, the heated slabs are milled by rolling mills to produce 
mother plates of pre-determined width and length. In the continuous casting process, 
a mother plate has a finite number of selectable widths, which are regulated by the 
mold width adjustment system. In the rolling process, a mother plate has minimum 
and maximum length restrictions according to the capacity of rolling mills. Hence, 
the width of a mother plate is discrete, and the length of a mother plate is continuous 
in an interval.

These mother plates are finally cut to produce order plates in line with the cut-
ting patterns. In the cutting process, a two-staged guillotine cutting mode is used. 
As shown in Fig. 2, after a first stage in which a mother plate is cut horizontally into 
levels, the second stage produces order plates with vertical cutting direction and an 
additional trimming cut is allowed in this stage. In Fig. 2, order plates 1, 3 and 4 can 
be cut with two guillotine cuts, but order plates 2 and 5 require an additional cut to 
trim the waste. The goal of the entire production process is to maximize yield while 
satisfying the customer orders. Yield is defined as the ratio that the total area of 
order plates is divided by the total area of the used mother plates.

Fig. 1  Production process of plate and strip products
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Fig. 2  Two-staged guillotine cutting mode
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In this paper, we focus on the mother plate design (MPD) problem, which 
requires determining the sizes (widths and lengths) of mother plates and placing 
the order plates on mother plates to maximize yield after rotated and two-staged 
guillotine cutting. The concerned problem can be regarded as a variant of two-
dimensional variable-sized bin packing problem (2DVSBPP). Different from the 
classic 2DVSBPP, in the MPD problem, each bin has a discrete height (or width 
of a mother plate) and a continuous width (or length of a mother plate).

Generally, in the classic two-dimensional bin packing problem (2DBPP), a 
set of rectangular items (or order plates) with specified sizes are to be packed 
into larger rectangular bins (or mother plates) with single specified size, so that 
the number of the used bins is minimized (Lodi et al. 1999). The items can only 
be placed with sides parallel to the sides of bins, and no two items in the same 
bin can overlap. When a variety is available, the 2DBPP becomes the 2DVSBPP 
where each bin has a specified size and can be used up to a finite or unbounded 
number. The objective is to use minimum total area of the used bins to pack all 
the items (Ortmann et al. 2010). The 2DBPP is a NP-hard problem (Garey and 
Johnson 1979), and thus, the MPD problem is NP-hard as well.

The contributions made in this paper can be summarized as follows:

1. We study a new class of the 2DVSBPP. Unlike the traditional problem, the vari-
able of bin’s height is defined in a finite set and the variable of bin’s width is 
defined in a continuous interval.

2. The MPD problem is introduced as a concise mixed integer nonlinear program-
ming (MINLP) model. We then linearize it and obtain a mixed integer program-
ming (MIP) model, so that the column generation algorithm can be further pre-
sented.

3. To solve the MPD problem, we present a column generation-based (CG-based) 
algorithm which embeds a height combination scheme. The pricing sub-prob-
lem is partitioned by the height combination scheme and converted into several 
dimension-reduction ones.

4. To improve the performance of the CG-based algorithm, we propose an acceler-
ated CG (ACG) algorithm. In the pricing process, two heuristic accelerating strat-
egies are adopted to find a subset of the sub-problems in each iteration process 
and a subset of the elements in each sub-problem, respectively.

5. Various scale real-world instances are constructed to testify the performance of 
the proposed algorithms. Numerical results reveal that the ACG algorithm is valid 
and efficient for the given instances.

The remainder of this paper is organized into six sections: Section 2 surveys 
the related literature. The details of the MPD problem are described in Sec-
tion 3. The CG-based algorithm and the ACG algorithm are presented in Sec-
tions 4 and 5, respectively. In Section 6, various real-world instances are used 
to examine the effectiveness of the proposed algorithms. At last, Section 7 con-
cludes this paper.



 Q. Zhang et al.

1 3

2  Literature review

This section focuses on reviewing papers on the 2DVSBPP and the MPD prob-
lem. For survey of the 2DBPP, we refer to the papers of Martello and Vigo (1998), 
Lodi et  al. (2002) and Dell’Amico and Martello (2002). The 2DVSBPP is known 
as the cutting stock problem with multiple stock sizes, considered in Belov and 
Scheithauer (2002). According to the classification scheme of Lodi et  al. (1999), 
the 2DVSBPP is classified as follows: 2DVSBPP|O|G requires fixed orientation and 
guillotine cut, 2DVSBPP|R|G allows 90 degrees rotation and requires guillotine cut, 
2DVSBPP|O|F requires fixed orientation but not guillotine cut, and 2DVSBPP|R|F 
allows 90 degrees rotation and does not require guillotine cut. Applying this clas-
sification scheme, the MPD problem belongs to a variant 2DVSBPP|R|G, where the 
height of a bin is a discrete variable, the width of a bin is a continuous variable, and 
the area of a bin has a corresponding change. Table 1 provides a detailed overview 
in the area of the 2DVSBPP and the MPD problem.

To solve the 2DVSBPP|O|G, Ortmann et al. (2010) proposed a two-stage heuris-
tic algorithm with the objective of minimizing the packing area. In the first stage, 
the specified strip packing algorithm was used to pack the levels into large bins. In 
the second stage, the items in those bins were repacked into a bin with smaller area 
in order to reduce wasted space. Hong et al. (2014) designed a mixed bin packing 
algorithm which combined a heuristic algorithm with the best fit algorithm to solve 
the single bin problem, and developed a backtracking algorithm which embedded 
the mix bin packing algorithm. Then, the results were further improved by a hybrid 
heuristic algorithm.

Table 1  Reviews on the 2DVSBPP and the MPD problem in the literature

References Item Bin

Rotated 
or not?

Guillotine 
cutting or 
not?

Height is 
discrete or 
not?

Width is 
continuous or 
not?

Area is 
continuous 
or not?

Ortmann et al. (2010) ✕ ✓ ✓ ✕ ✕
Hong et al. (2014) ✕ ✓ ✓ ✕ ✕
Liu et al. (2011) ✕ ✕ ✓ ✕ ✕
Liu et al. (2011) ✓ ✓ ✓ ✕ ✕
Wei et al. (2013) ✕ ✕ ✓ ✕ ✕
Liu et al. (2014) ✕ ✕ ✓ ✕ ✕
Kang and Park (2003) ✕ ✕ ✓ ✕ ✕
Pisinger and Sigurd (2005) ✕ ✕ ✓ ✕ ✕
Cintra et al. (2008) ✕ ✓ ✓ ✕ ✕
Dash et al. (2007) ✕ ✓ ✕ ✓ ✓
Park (2007) ✕ ✓ ✕ ✓ ✕
Wy and Kim (2010) ✕ ✓ ✕ ✓ ✕
This paper ✓ ✓ ✓ ✓ ✓
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Liu et al. (2011) presented two dynamic programming-based heuristic algorithm, 
H1 and H2, stemming from the dynamic programming idea by aggregating states 
to avoid the explosion in the number of states. H1 algorithm built a general pack-
ing scheme for the 2DVSBPP|O|F, while H2 algorithm provided solutions for the 
2DVSBPP|R|G. Wei et al. (2013) partitioned the search space of the 2DVSBPP|O|F 
into sets and imposed an order on the sets and then used a goal-driven approach to 
take advantage of the special structure of this partitioned solution space. Liu et al. 
(2014) focused on the multi-objective 2DVSBPP|O|F, which was aiming at minimiz-
ing not only the wasted space of bins but also the number of generated packing pat-
terns and solved by a heuristic algorithm.

The 2DVSBPP is comparatively less well studied, although a few related variants 
have been investigated. Kang and Park (2003) considered a variant 2DVSBPP where 
the objective was to minimize the total cost of used bins, when the cost of unit size 
of each bin did not increase as the bin size increased. Two greedy algorithms were 
proposed with a worst-case performance bound of 3∕2 . Pisinger and Sigurd (2005) 
studied a variable bin cost 2DVSBPP and used Dantzig–Wolfe decomposition to 
obtain lower bounds. A branch-and-price algorithm was developed to solve the 
problem exactly. Cintra et  al. (2008) studied the variant of two-dimensional guil-
lotine cutting stock problem with bins of different sizes. A CG-based algorithm was 
presented that used a dynamic programming approach to generate the columns.

We can transform the MPD problem into the 2DVSBPP|R|G by discretizing its 
continuous width and then use the existing algorithms to solve the problem opti-
mally. However, in the process of transformation, it is difficult to determine an 
appropriate point which makes the width of a bin to be discrete. Thus, some authors 
have designed specific algorithms for the MPD problem in different industrial 
applications.

Dash et  al. (2007) described an optimization tool for a multi-stage production 
process problem in steel plants. For the MPD problem, they considered that the 
width of a mother plate was fixed and the length of a mother plate was continuous in 
an interval. They modeled this problem as a two-dimensional cutting stock problem 
with capacity constraints and presented a CG algorithm to solve the problem, where 
used simple heuristics to generate columns. Our solution approach can be used as a 
subcomponent in their overall approach.

Park (2007) studied the MPD problem which was modeled as a variant of 2DBPP. 
He considered that the width and length of a mother plate were continuous in inter-
vals and the area of a mother plate was fixed. A two-phase algorithm consisted of 
level generation algorithm, and bin generation algorithm was designed to solve the 
problem. Based on the properties of the real-world data, he observed that a level 
could have at most two items. Wy and Kim (2010) looked into a similar problem to 
that of Park (2007). An iterative two-phase heuristic method consisting of solution 
improvement algorithms was developed to solve the problem.

There are two differences between this paper and literature (Park 2007; Wy 
and Kim 2010). The first one is the level generation method. They have the same 
assumption that the number of items in each level is at most two, but in this paper, 
we devise a height combination scheme to find all the height combinations which 
can be regarded as the heights of levels. The number of items in each level is decided 
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by the width of a bin. The second one is the scale of instances. We focus on the type 
of items based on the real-world instances instead of the number of items.

3  Problem statement

The MPD problem can be described as follows: A set of items with specified sizes 
are placed into the minimum total area of the used bins. The height of a bin belongs 
to a set H =

{
H1,H2,… ,H|G|

}
 , where G denotes the index set of height grades and 

the width of a bin is continuous in an interval W =
[
Wmin,Wmax

]
 . Further restriction 

allows items rotated by 90 degrees and cut in two-staged guillotine cutting pattern. 
A bin is separated into several levels by first-stage cutting in the horizontal direc-
tion, and after that, these levels are cut again to obtain the final items by second-
stage cutting in the vertical direction. Fig. 3 shows a variable-sized bin.

3.1  Nonlinear mathematical programming model

The notations used in the MPD problem are given as follows:

Sets

I  Index set of items
Io  Index set of original items, i.e., Io ⊆ I

IR  Index set of rotated counterpart items, i.e., IR ⊆ I

J  Index set of bins
S  Index set of levels

Parameters

bi  Demand of item i, i ∈ Io

Fig. 3  Variable-sized bin

          

Wmin Wmax
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Width
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H|G|

O
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E2

O: original area

E1, E2, E3: extensible area
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hi  Height of item i, i ∈ I

wi  Width of item i, i ∈ I

Uis  Maximum number of item i used in level s, i ∈ I,s ∈ S , i.e., Uis = ⌊Wmax∕wi⌋

Decision variables

pisj  1 if item i is packed into level s of bin j or 0 otherwise, i ∈ I , s ∈ S , j ∈ J

uisj  Number of item i used in level s of bin j, i ∈ I , s ∈ S , j ∈ J

Hsj  Height of level s in bin j, s ∈ S , j ∈ J

Hj  Height of bin j, j ∈ J

Wj  Width of bin j, j ∈ J

For simplicity in notations, we use �(i) to indicate the association between two ele-
ments in Io and IR . For i ∈ Io , its rotated counterpart item is denoted by �(i) . For i ∈ IR , 
its original item is also denoted by �(i) . The rotated counterpart item �(i) is character-
ized by height h�(i) and width w�(i) , where h�(i) = wi and w�(i) = hi . We introduce an 
extensible set HE = {0} ∪H . If Hj ∈ {0} , it is indicated that the bin is not being used. 
Then, the MPD problem can be formulated as the following MINLP model.

s.t.

(1)min
∑

j∈J

HjWj

(2)
∑
j∈J

∑
s∈S

�
uisj + u�(i)sj

�
≥ bi, ∀i ∈ Io

(3)
∑
i∈I

wiuisj ≤ Wj, ∀s ∈ S, j ∈ J

(4)uisj ≤ pisjUis, ∀i ∈ I, s ∈ S, j ∈ J

(5)hipisj ≤ Hsj ∀i ∈ I, s ∈ S, j ∈ J

(6)
∑

s∈S

Hsj ≤ Hj, ∀j ∈ J

(7)pisj ∈ {0, 1}, ∀i ∈ I, s ∈ S, j ∈ J

(8)uisj ∈ ℤ
+, ∀i ∈ I, s ∈ S, j ∈ J

(9)Hsj ∈ ℝ
+, ∀s ∈ S, j ∈ J
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Objective function (1) minimizes the total area of bins used for packing all the given 
items. Constraint (2) imposes that the demands on items are satisfied. Constraint (3) 
ensures that the width of any level in the bin cannot exceed the width of a bin. The 
width of a level is the sum of the items’ widths in this level. Constraint (4) limits the 
number of items in each level. Constraint (5) states that the height of a level in the bin is 
determined by the tallest item in this level. Constraint (6) guarantees that the sum of the 
levels’ heights cannot exceed the height of a bin. Constraints (7)–(10) define the type of 
variables.

3.2  Linear reformulation

The MINLP model can be converted into a MIP model via introducing the following 
notations:

Parameter

Hg  Bin’s height of grade g, g ∈ G

Decision variables

Cj  Area of bin j, j ∈ J

xjg  1 if bin j selects height grade g or 0 otherwise, j ∈ J , g ∈ G

Thus, the height of a bin can be defined by Hg and xjg , i.e., Hj =
∑

g∈G Hgxjg . 
The MINLP model can be linearized into the following MIP model, where M is an 
enough large number.

s.t.

(10)Hj ∈ H
E,Wj ∈ W, ∀j ∈ J

(11)min
∑

j∈J

Cj

(12)Cj ≥ HgWj +M
(
xjg − 1

)
, ∀j ∈ J, g ∈ G

(13)
∑
g∈G

xjg ≤ 1, ∀j ∈ J

(14)
∑
j∈J

∑
s∈S

�
uisj + u�(i)sj

�
≥ bi, ∀i ∈ Io

(15)
∑
i∈I

wiuisj ≤ Wj, ∀s ∈ S, j ∈ J
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Objective function (1) is linearized by Constraint (12). If xjg = 1 , we have 
Cj ≥ HgWj . Otherwise, the constraints are relaxed. Constraint (13) makes sure 
that for any bin, at most one height grade is selected. If the height grade is 
not selected by a bin, it is indicated that the bin is not being used. Constraints 
(14)–(18) correspond to Constraints (2)–(6), respectively. Constraint (19) ensures 
that the width of any bin is in the given interval. Constraints (20)–(22) state the 
type of variables.

Note that if items of the same type with different orientation can be contained 
within a single level (see Fig. 4a), then the items can be converted into the same ori-
entation with less waste (see Fig. 4b). Based on the characteristic that the items can 
be rotated, the cutting planes in the form of

can be generated. It states that only if a bin is used, items can be packed. For each 
pair of companion items, at most one orientation is packed. For reducing the solu-
tion space, the cutting planes can be included in the MIP model.

(16)uisj ≤ pisjUis , ∀i ∈ I, s ∈ S, j ∈ J

(17)hipisj ≤ Hsj , ∀i ∈ I, s ∈ S, j ∈ J

(18)
∑
s∈S

Hsj ≤
∑
g∈G

Hgxjg, ∀j ∈ J

(19)Wmin ≤ Wj ≤ Wmax, ∀j ∈ J

(20)pisj, xjg ∈ {0, 1}, ∀i ∈ I, s ∈ S, j ∈ J, g ∈ G

(21)uisj ∈ ℤ
+, ∀i ∈ I, s ∈ S, j ∈ J

(22)Cj,Hsj ∈ ℝ
+ ∀s ∈ S, j ∈ J

(23)pisj + p�(i)sj ≤
∑
g∈G

xjg, ∀i ∈ Io, s ∈ S, j ∈ J

Trim loss

Item i

Item (i)

Level s Item iLevel s

(a) (b)

Item i

θ

Fig. 4  Explanation for the rotation constraint



 Q. Zhang et al.

1 3

4  CG‑based algorithm

Among the methods devised for solving the large-scale integer programming 
problems, the CG algorithm has been used successfully. Gilmore and Gomory 
(1963) studied the one-dimensional cutting stock problem and introduced a CG 
algorithm. Puchinger and Raidl (2004) investigated the three-stage 2DBPP and 
presented a CG algorithm by using heuristic algorithms to generate columns. 
Furini et  al. (2012) presented a CG-based heuristic algorithm to solve the two-
dimensional two-stage guillotine cutting stock problem with multiple stock size.

In this section, we present a CG-based algorithm for the MPD problem. In the 
CG-based algorithm, Dantzig–Wolfe decomposition is used to modify the MPD 
problem into a master problem and a pricing sub-problem. The master problem 
is set up to create a sequence of bins with specified sizes in Section  4.1. Sec-
tion 4.2 sets up the pricing sub-problem which is partitioned by the height com-

bination scheme. The step-by-step formulation of CG procedure is presented in 
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Section 4.3. Fig. 5 shows the solving process of the MPD problem via using the 
CG-based algorithm.

4.1  Master problem

In the master problem, each decision variable represents the decision on selecting a 
two-stage two-dimensional cutting pattern. The notations used in the master problem 
are given as follows:

Set

J   Index set of all possible cutting patterns

Parameters

C�  Area of cutting pattern � , � ∈ J

ai�  Number of times item i occurring in cutting pattern � , i ∈ Io , � ∈ J

Decision variable

��  Number of times cutting pattern � is selected, � ∈ J

The master problem (MP) can be formulated as the following model.

s.t.

Objective function (24) minimizes the total area of the used cutting patterns, where 
C� is generated by solving the pricing sub-problem. Constraint (25) makes sure that 
any item should meet its demand, where ai� is obtained by solving the pricing sub-
problem. Constraint (26) corresponds to the valid values for decision variables. The 
master problem is an integer programming problem. In the CG-based algorithm, con-
straint (26) is relaxed. Thus, the linear relaxation of restricted master problem (RMP) 
can be formulated as the following model. An index set of limited number of cutting 
patterns is introduced as P , where P ⊆ J .

s.t.

(24)min
∑

�∈J

C���

(25)
∑

�∈J

ai��� ≥ bi, ∀i ∈ Io

(26)�� ∈ ℤ
+, ∀� ∈ J

(27)min
∑

�∈P

C���
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By solving the linear relaxation of RMP, a set of dual variables’ ( �i,∀i ∈ Io ) val-
ues are obtained to construct the reduced cost for entering columns. The pricing sub-
problem, with reduced cost as the objective function, is set up to improve the objective 
value of the master problem by generating a new feasible two-dimensional two-stage 
cutting pattern with negative reduced cost.

4.2  Pricing sub‑problem

By considering that the pricing sub-problem directly derived from the original problem 
has the similar complexity, i.e., the height and the width of a cutting pattern need to 
be decided at the same time, we devise a height combination scheme. With adopting 
the scheme, a cutting pattern with varying height and width can be converted into sev-
eral cutting patterns with fixed height and levels. In this way, the dimension of a sub-
problem can be decreased. The pricing sub-problems mentioned hereafter are all parti-
tioned by the height combination scheme, so that a height combination corresponds to 
a sub-problem.

4.2.1  Height combination scheme

The height combination scheme is devised for enumerating all the height combinations 
of levels, which contains two algorithms. Algorithm 1 produces the height combinations 
for a single height grade, and Algorithm 2 generates the height combinations for multiple 
height grades with invoking Algorithm 1. The notations used in Algorithm 1 are giv4.2.2 
 

�  Set of items’ heights
Hrest  Rest of height grade
K  Index set of height combinations
T  Index set of items’ height types
z  Vector of items’ heights adding to the height combinations, i.e., z =

(
zs

)|S|

K  Set of height combinations, i.e., K =
{
z1,… , z|K |

}

The height combination algorithm for a single height grade can be described as fol-
lows, where l(K) is a function used to get the last element adding in set K.

(28)
∑

�∈P

ai��� ≥ bi, ∀i ∈ Io

(29)�� ∈ ℝ
+, ∀� ∈ P
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Algorithm 1. Height combination for a single height grade (HCA)

The HCA algorithm has a recursive structure and is terminated when the 
number of levels in the height combination is greater than the maximum num-
ber of levels (line 1) or no item can be added into the height combinations. The 
algorithm is called recursively in line 6. Next, we design lines 10–12 to remove 
the repetitive schemes. As we can see in Fig. 6, the scheme in Fig. 6a contains 
the other schemes. With the purpose of eliminating the repeatability, we let the 
height of the last level plus the rest of the height grade. Then, the schemes shown 
in Fig. 6b, c and other similar cases could be removed.

The height combination algorithm for multiple height grades can be described 
as follows.

In the HCM algorithm, 0 is a zero vector with dimension |S| . We firstly design 
line 2 to remove the symmetry of the schemes. As shown in Fig. 7, these three 
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cases correspond to the same scheme. Sorting the heights (line 2) is an effec-
tive way to remove the schemes shown in Fig  7b, c. Then, the HCA algorithm 
is invoked in line 6. Based on the above operations to eliminate the repeatability 
and symmetry, the number of sub-problems can be controlled.

Example 1 To better understand the working mechanism of the height 
combination scheme, we consider a small instance with |Io| = 7 , 
� = {1250, 1250, 3700, 2250, 2500, 2500, 1650} and H = {3000, 3500, 4000} . We 
obtain:

• |T| = 5;
• Detailed information of height in each combination is shown in Table 2, where 

|K| = 9.

We design a specific height combination scheme to partition the pricing sub-
problem, where the intersection of any two sub-problems is empty. In each iter-
ative solution process of the CG-based algorithm, |K| pricing sub-problems are 
solved, one for each height combination.

4.2.3  Mathematical formulation of the pricing sub‑problem

The notations used in the pricing sub-problem are given as follows:
Parameters

�i  Dual variable for item i, i ∈ Io

(c)(b)

1250
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H  Height of a cutting pattern
Hs  Height of level s, s ∈ S , i.e., 

∑
s∈S Hs = H

Uis  Maximum number of item i used in level s, i ∈ I , s ∈ S,

  
Decision variables

�is  1 if item i is packed into level s or 0 otherwise, i ∈ I , s ∈ S

�is  Number of item i used in level s, i ∈ I , s ∈ S

W  Width of a cutting pattern

For each height combination, the corresponding pricing sub-problem (PPk) can 
be formulated as the following model, where subscript k(k ∈ K) is omitted.

s.t.

i.e., Uis =

�
⌊Wmax∕wi⌋, hi ≤ Hs

0, otherwise

(30)minHW −
∑

i∈Io

∑

s∈S

�i
(
�is +��(i)s

)

(31)
∑

s∈S

(
�is +��(i)s

)
≤ bi, ∀i ∈ Io

(32)
∑

i∈I

wi�is ≤ W, ∀s ∈ S

(33)�is ≤ �isUis, ∀i ∈ I, s ∈ S

(34)hi�is ≤ Hs, ∀i ∈ I, s ∈ S

(35)Wmin ≤ W ≤ Wmax

(36)�is +��(i)s ≤ 1, ∀i ∈ Io, s ∈ S

Table 2  Detailed information of 
height in each combination

z1 z2 z3 z4 z5 z6 z7 z8 z9

s = 1 3000 1250 3500 1250 1650 4000 1250 1250 1650
s = 2 – 1750 – 2250 1850 – 1250 2750 2350
s = 3 – – – – – – 1500 – –
Total 3000 3000 3500 3500 3500 4000 4000 4000 4000
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Objective function (30) minimizes the reduced cost for the corresponding pricing 
sub-problem. Constraints (31)–(35) correspond to Constraints (14)–(17) and (19), 
respectively. Constraint (36) states that for each pair of companion items, at most 
one orientation is packed. Constraints (37), (38) state the type of variables. Note that 
Constraints (31)–(38) together formulate the feasibility of a two-dimensional two-
stage cutting pattern.

For a given height combination, we solve the corresponding pricing sub-problem 
to generate a new column based on the dual variables’ values. Each column repre-
sents a feasible two-staged two-dimensional cutting pattern. All the columns with 
negative reduced costs are added to the master problem in each iteration.

4.3  CG procedure

We generate a set of initial columns for the linear relaxation of the RMP from a 
greedy heuristic algorithm. The matrix A =

(
ai�

)
 of dimension |Io| × |Io| represents 

the initial cutting patterns, where ai� ∈ ℤ
+ . The vector c =

(
c�

)
 of dimension |Io| 

states as the initial bins’ area, i.e., the objective function coefficients of the master 
problem, where c� ∈ ℝ

+ . Each column a� is associated with a cost c� . Let � denote 
the set of items’ demands and � denote the set of items’ widths. The greedy heuris-
tic algorithm of initial solution has the following steps in brief.

In the initial solution algorithm, O is a zero matrix with dimension |Io| × |Io| and 
0 is a zero vector with dimension |Io| . In order to obtain a feasible initial cutting pat-
tern (line 3), we use the bin with specific size H|G| ×Wmax to pack items (line 4), and 
only one type of items is packed in each bin. Such a bin can pack ⌊H�G�∕hi⌋ items in 
the height direction and Uis items in the width direction, where Uis = ⌊Wmax∕wi⌋.

Let rck denote a reduced cost and ak denote a column of all the cutting patterns, 
which can be obtained by solving the pricing sub-problem k(k ∈ K) . The framework 
of CG-based algorithm can be illustrated as follows.

(37)�is ∈ {0, 1}, ∀i ∈ I, s ∈ S

(38)�is ∈ ℤ
+, ∀i ∈ I, s ∈ S
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5  ACG algorithm

Many efforts have been devoted to the topic of accelerating the CG algorithm. The 
problems of bin packing/cutting stock solved by accelerated CG algorithm have been 
less studied in the literature. One way of accelerating a CG algorithm was proposed by 
Degraeve and Peeters (2003), who used a sub-gradient optimization method to solve 
the linear relaxation of the cutting stock problem. Other accelerated CG algorithms 
include the model aggregation algorithm (Alves and Carvalho 2007) and the valid dual 
inequalities algorithm (Alves and Carvalho 2008). In this paper, we present two heu-
ristic accelerating strategies to improve the performance of the CG-based algorithm.

5.1  Heuristic accelerating strategies

In the traditional CG algorithm, at every iteration, only a subset of columns is con-
sidered. Inspired from that, as for the first accelerating strategy, a subset of height 
combinations is considered in each iteration process. We try to estimate which effi-
cient height combinations contain the optimal cutting patterns by the evaluation 
function. As for the second accelerating strategy, a subset of items is considered in 
each sub-problem. We try to estimate which efficient items are included in the opti-
mal cutting patterns by the evaluation function.
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5.1.1  Efficient height combinations

We estimate which height combinations are efficient by implementing the follow-
ing steps. First, we set a threshold value � ∈ (0, 1) . Next, we calculate the following 
relevance score

to estimate the probability that item i is placed on level s of height combination k. If 
𝛽 < fiks < 1 , we consider that level s is effective. Otherwise, we consider that level s 
is non-effective, then let the relevance score equal to zero. After that, we present the 
following power function

to estimate the relevance between item i and height combination k, where 
� ∈ {1, 2, 3} . The power function is established to distinguish the difference between 
the items via using the relevance score. Subsequently, for height combination k, we 
propose the following evaluation function Bl

k
(l = 1, 2, 3) based on the weighted sum 

of the dual price, where Hk =
∑
s∈S

Hks.

Finally, we sort the corresponding height combinations in descending order 
according to the value of the evaluation function Bl

k
 and select the first � height com-

binations in each iteration process, where 0 < 𝛾 ≤ |K| , � ∈ ℤ
+ . These selected effi-

cient height combinations belong to a subset of K , which is introduced as K′.

5.1.2  Efficient items

In order to estimate which items are efficient, we first design the following evalua-
tion function:

based on the cost performance of item i. If 𝛽 < fiks < 1 , we consider that item i is 
effective. Otherwise, we consider that item i is non-effective, then let the evalua-
tion function equal to zero. Next, we sort the corresponding items in descending 
order according to the value of the evaluation function �i and select the first � items 
for each pricing sub-problem, where 0 < 𝜏 ≤ |Io| , � ∈ ℤ

+ . These selected efficient 
items belong to a subset of Io , which is introduced as Io′.

(39)fiks =

{
hi

Hks

, 𝛽 <
hi

Hks

< 1

0, otherwise
, i ∈ Io, k ∈ K, s ∈ S

(40)Eik = max
s∈S

{(
fiks

)�}
, i ∈ Io, k ∈ K

(41)B1
k
=
∑

i∈Io

�iEik

Hk

, B2
k
=
∑

i∈Io

�iEik

hiwi

, B3
k
=
∑

i∈Io

�iEik

hiwiHk

, k ∈ K

(42)𝛿i =

{ 𝜋i

hiwi

, 𝛽 < fiks < 1

0, otherwise
, i ∈ Io
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5.2  ACG procedure

The procedure of the efficient height combinations can be presented as follows.

The procedure of the efficient items can be presented as follows.

Let ak� =
(
a1� ,… , a��

)T denote a column of all the cutting patterns and obtained by 
solving the pricing sub-problem k′ . The framework of the ACG algorithm can be illus-
trated as follows, where bi ∈ ��, i ∈ Io

� and hi ∈ ��,wi ∈ ��, i ∈ I�
(
I� = Io

�

∪ IE
�).
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6  Computational results

All the procedures described in the previous sections are compiled with the Visual 
Studio 2010 C++ compiler and performed on a desktop computer with an Intel Core 
i7 processor, at 3.6 GHz with 4 GB of RAM. The models, including MIP, RMP, PP, 
are solved using CPLEX 12.6. The computation time for each instance is limited to 
7200 seconds.

6.1  Testing instances

To test our models and algorithms, we randomly collect practical data from a Chi-
nese steel plant and select 1000 customer orders. The information containing in each 
order is the size of an order plate (item) and its demand. The total demands are 
22621. Fig. 8 indicates the distribution of the items’ heights and widths. In Fig. 8, 
the maximum allowable height (respectively, the maximum allowable width) of 
an item is 5000 mm (respectively, 22500 mm) and lowest value of item’s height 
(respectively, of item’s width) is 1500 mm (respectively, 3000 mm). The set of 
height grades is H = {3000, 3500, 4000, 4500, 5200}, and the width range is W = 
[10000, 50000].
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Fig. 9 shows the items’ demands in semi-logarithmic coordinate. In Fig. 9, the 
items’ demands change discretely from 1 to 5204. We can clearly find that customer 
orders imply the features of multiple products and small batch. These features make 
the cutting patterns diverse, thus increasing the difficulty of problem solving.

Based on the customer orders collected above, we organize 15 groups of 
instances, where each group contains 5 random instances and the instance in the 
same group has an identical scale, i.e., the value of |Io| . The instances are classified 
by the planning cycle, namely the daily production planning, the weekly produc-
tion planning and the monthly production planning. Correspondingly, S1-S5 denote 

the small-sized instances, M1-M5 represent the medium-sized instances, and L1-L5 
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are the large-sized instances. They are available at https ://githu b.com/NEUZh angqi /
Datap ackag e.

Without loss of generality, we design some special testing instances to further 
verify the stability of the proposed algorithms. For M6, we put together the items 
of M5 with other ten items which have the same demand bi = 1(i = 51,… , 60) . 
For the last instance in each group, we randomly select some items with small 
demands, which are no more than 20 for each item’s demand.

6.2  Computational results for small‑sized instances

We report the computational results of the original linear formulation (denoted 
as MIP) and the CG-based algorithm on the small-sized instances in Table 3. The 
columns “ n ”, “ |K| ” and “ |S| ” represent the average number of items, the average 
number of height combinations and the average number of levels, respectively. 
The sixth column provides number of instances for which the corresponding 
model and algorithm terminated successfully within the given time. The last col-
umn gives the average computational time in seconds.

As shown in group S1, 4 out of the 5 instances are solved to optimality using 
the MIP model of the original problem. Similarly, in group S2, 3 out of the 5 
instances are solved to optimality. We find that CPLEX could not provide optimal 
solutions for groups S3-S5 with more than 15 types of items when the given time 
is reached. However, the CG-based algorithm provides solutions of all the small-
sized instances within the given time. In order to highlight the efficient of the 
CG-based algorithm, we have presented the results of some instances in Table 4, 
where ObjMIP represents the objective value obtained via solving the MIP model 
within the given time and ObjCG - based denotes the objective value associated with 
an integer solution of the CG-based algorithm.

As indicated by Table 4, the direct usage of the MIP model is testified to be 
limited. For 18 out of the 25 instances, the given time is reached for solving the 
MIP model by CPLEX. One possible reason is that the big M formulation usually 
leads to weak relaxations. Performance of the CG-based algorithm turns out to 
be efficient. Thus, in the next section, we focus on our evaluation on the perfor-
mances of CG-based and ACG algorithms for medium-sized instances.

Table 3  Computational results 
for small-sized instances

Group |Io| n |K| |S| Number of 
instances

Ave. time (s)

MIP CG-based MIP CG-based

S1 5 93 5 1 4 5 1514 19
S2 10 208 6 1 3 5 2940 18
S3 15 3325 8 2 0 5 > 7200 39
S4 20 3451 10 2 0 5 > 7200 68
S5 25 3549 13 2 0 5 > 7200 75

https://github.com/NEUZhangqi/Datapackage
https://github.com/NEUZhangqi/Datapackage
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6.3  Computational results for medium‑sized instances

We report the computational results of the CG-based algorithm and the ACG algo-
rithm on the medium-sized instances in Table 5. To obtain the best combination of 
parameters for the ACG algorithm, we have performed a fixed parameter method. 
For each group, parameters are fixed one by one and the values of the parameters in 
the five random instances are the same. In Table  5, the value of parameter � is 
obtained in the interval of (0, |K|∕2

]
 and the value of parameter � is obtained in the 

interval of (0, |Io|∕2
]
 . The yield is defined as � , i.e., 

� =
∑

i∈Io hiwi

�∑
�∈J H�W� × 100% and ObjACG implies the objective value cor-

responding to an integer solution of the ACG algorithm.
Several remarks could be obtained from the results in Table 5. First, we find that 

the average number of height combinations in group M5 is 76 (referred to the fourth 
column). In each iteration process of the CG-based algorithm, we solve the corre-
sponding pricing sub-problem for a given height combination. That means multi-
columns are added to the master problem. Thus, it could be seen that the CG-based 

Table 4  Performance difference between the MIP model and the CG-based algorithm

a Gap = Obj
MIP−ObjCG - based

ObjCG - based

Instance |Io| n |K| |S| Objective value  (1010) Gap (%)a Running time (s)

MIP CG-based MIP CG-based

S1-5 5 445 6 2 1.777 1.710 3.918 > 7200 14
S2-4 10 467 9 2 1.510 1.407 7.321 > 7200 39
S2-5 10 542 8 2 2.125 2.020 5.198 > 7200 15
S3-1 15 627 10 2 2.328 2.100 10.857 > 7200 32
S4-1 20 492 17 3 2.077 1.830 13.497 > 7200 65
S5-1 25 486 19 3 1.927 1.739 10.811 > 7200 66

Table 5  Computational results for the medium-sized instances

a Gap = Obj
ACG−ObjCG - based

ObjCG - based

Group |Io| n |K| |S| Param-
eters of 
ACG 

Ave. gap (%)a Ave. time (s) Ave. � (%)

� � CG-based ACG CG-based ACG 

M1 50 14582 23 3 11 19 0.170 43 2 99.049 98.883
M2 60 14592 60 3 23 25 − 0.241 121 2 98.722 98.961
M3 100 16591 39 3 20 41 − 0.351 880 31 98.147 98.495
M4 200 18729 54 3 20 80 − 0.463 867 61 97.140 97.624
M5 300 19701 76 3 34 140 − 1.202 2973 275 96.356 97.512
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algorithm is more complex than the classic CG algorithm which has a single pricing 
sub-problem in an iterative solution process.

Second, we select fewer height combinations (referred to the left side of the sixth 
column) and items (referred to the right side of the sixth column) in each iteration 
process of the ACG algorithm. It is showed that the accelerating strategies are effi-
cient. One might notice that 42.857% of the total height combinations and 42.958% 
of the total items have a remarkable effect on improvement of the objective value in 
each iterative solution process.

Third, both the CG-based algorithm and the ACG algorithm find quasi-optimal 
solutions for the medium-sized instances. For groups M2-M5, the ACG algorithm 
outperforms the CG-based algorithm. As a comparison with the actual produc-
tion data, the total average yield obtained by the algorithms is 2.883% and 3.295% 
improved, respectively. From the computational results of the last instance in each 
group, we verify that the proposed algorithms are still effective in some particular 
situations.

Fourth, the total average running time of the ACG algorithm in general is much 
shorter than that of the CG-based algorithm, while the objective values provided 
by them are almost the same for most medium-sized instances. We could see that 
the time which the ACG algorithm spent is applicable to practical application. The 
ACG algorithm could produce a feasible schedule within 30 minutes on a standard 
computer.

In summary, the ACG algorithm outperforms the CG-based algorithm and could 
provide guidance for the weekly production planning in steel plants. For a million-
ton steel plant, these reduce surplus in the design of mother plates could result in 
direct cost savings of 4.3 million dollars annually.

Fig.  10 presents the detailed comparison for the first instances of M1-M5 as 
the examples. We record the objective value of each iteration process to validate 
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the performance. It can be seen that the iterations of the ACG algorithm are much 
fewer than that of the CG-based algorithm, while the initial cutting patterns pro-
vided by them are the same for all the instances. The figure indicates that the 
accelerating strategies of the ACG algorithm are an effective way of achieving 
faster convergence. One possible reason is that the added cutting patterns of mas-
ter problem are different. In conclusion, the computational results show that the 
heuristic accelerating strategies have improvements to both the objective value 
and the convergence speed.

6.4  Computational results for large‑sized instances

As the type of items increases, the solution space of instances is enlarged. 
Although the CG-based algorithm provides quasi-optimal solutions for the 
medium-sized instances, its performance of solving the large-sized instances is 
declined. One might notice that the CG-based algorithm could not provide fea-
sible solutions of the large-sized instances within the time limits. Therefore, 
this subsection evaluates the performance of the ACG algorithm. In Table 6, LB 
denotes the optimal objective value of linear relaxation MP when the ACG algo-
rithm stops.

From Table 6, we can derive several remarks similar to those in Section 6.3. 
We find that the ACG algorithm outperforms the CG-based algorithm and is suit-
able for solving the large-sized instances. First, the ACG algorithm finds near-
optimal solutions for the large-sized instances. Note that 47.285% of the total 
height combinations and 48.485% of the total items has a remarkable effect on 
improvement of the objective value in each iterative solution process. Second, 
the running time of the ACG algorithm increases as the problem size increased, 
while the yield declined. Third, the solutions of the large-sized instances could 
provide guidance for the monthly production planning in steel plants.

Table 6  ACG algorithm for the large-sized instances

a Gap = Obj
ACG−LB

LB

Group |Io| n |K| |S| Parameters 
of ACG 

Ave. gap (%)a Ave. time (s) Ave. � (%)

� �

L1 400 20457 74 3 35 190 0.770 174 97.757
L2 500 20946 79 3 35 240 1.046 425 97.244
L3 600 21379 87 3 41 290 1.412 317 96.584
L4 800 22017 98 3 47 390 1.645 630 96.039
L5 1000 22605 104 3 51 490 1.975 953 95.592
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7  Conclusions and future research

This paper presents the MPD problem which is extracted from the practical prob-
lems in steel plants. We have considered the MPD problem as a new class of the 
2DVSBPP with the further consideration that items can be rotated and cut in two 
stages. The main difference between previous researches and the problem studied in 
this paper is that the height of a bin is a discrete variable, and the width of a bin is a 
continuous variable.

The optimum criterion of the MPD problem was minimization of the total area 
of the used bins. Mathematical models with level restriction were developed, and a 
CG-based algorithm was proposed for the MPD problem. For the needs of practi-
cal application, an ACG algorithm combined with the characteristics of the MPD 
problem was presented. Computational results showed that the optimization effects 
of the proposed approaches were better than the present application level, and the 
execution time satisfied the application requirements.

As perspective, the MPD problem can be extended in the following directions. 
With the further consideration of the process constraints, we will restrict the number 
of the height grades. On the other hand, we will consider the constraints of the cut-
ting capacity. At last, we will design branch-and-cut method for the MPD problem 
to get optimal solutions.
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